NTNU - Trondheim
Norwegian University of
Science and Technology

QCD phase diagram
Brazilian Swieca School on Nuclear Physics
Campos do Jordao, Brazil February 10-15 2019

Jens O. Andersen

1. Collaborators: Prabal Adhikari (St Olaf)
Patrick Kneschke (UiS)

2. References: Phys. Rev. D97 076005 (2018), Phys. Rev. D95, 036017 (2017)
Phys.Rev. D98 074016 (2018), Phys.Rev. D97 076005 (2018)
arXiv:1807.08951



Why QCD in extreme conditions?
1. Early universe
2. Heavy-ion collisions
3. Compact stars

4. Phase diagram of QCD




1. QCD is the fundamential theory of strong interactions

1 _
Lo = —ZFﬁuFff” + b plivt Dy — mlpp
a) Symmetries of massless QCD
SU(Ng)[, x SUNg)R x U(l)g X U(1) 4 x SU(Nc)
b) Symmetries spontaneously broken in the vacuum

SU(Np) x SUN;)g  — SUNp)y

c) Pions are the (pseudo)-Goldstone bosons

d) U(1) 4 broken by instantons. n’ not a GB

(2
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QCD

e) Asymptotic freedom
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f) Confinement
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1. Only a few exact results of the phase diagram are known

a)

b

2

d)

Quark-gluon plasma at asymptotically large temperatures

Color-flavor locked phase at asymptotically large densities

Lattice calculation for finite T" but not finite pu g

Lattice calculations for finite 14 ; and finite B (but not the combination)

Model calculations for small and baryon intermediate densities

Order of phase transitions? Cross-overs and critical point?
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1. Pressure

s = 0 MeV Uis = 400 MeV
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2. Expansion of pressure

P Po 1 nu\t (Hg\J (ps\k

—_— = —_ 4 _X’ijk —_— —_— —_—

T4 T4 iljlk! T T T
ijk

Quark susceptibilities
it HRE (T, )

Xijk... — .
Buhauéaulg ng=0
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3. Trace anomaly

1 =0 MeV Jig = 400 MeV.
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QCD

Theories and models for QCD

1. Lattice gauge theories. Discretizing space-time on a computer.
a) In principle exact, but...

b) Sign problem for finite 1 3
B _
_ —fd3zf PPp+myl g
z = DYDYDA e 0 e~ Sg

= DAy 59 detlp + m ] . )

c) No sign problem for finite isospin or magnetic field
— t 2
det[p +mg] = det | XXT 4 m%| . (8)
2. Low-energy effective theory for QCD. Includes pions (and baryons).
a) Systematic approach based on symmetries and degrees of freedom

b) Pions are derivatively coupled.
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3. Chiral models: Nambu-Jona-Lasinio model and Quark-meson model

a) (non)-renormalizable

b) Not a systematic approach (?)

4. Models used in nuclear physics such as o-w models (Dexheimer’s lectures)
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Imaginary-time formalism

1. Transition amplitude

—iH (),

(¢ple “ta)|gg)

2. Paths in quantum mechanics

Dd)eis ,

tp
dt

ta

ddzc

(10)
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QCD

3. Partition function

z = Te PH
= E (bale™PH o) )
a

4. Imaginary time, 7 = it. Path-integral representation

z = DpeSF | (12)
periodic
B

d 3

r | dPary . (13)

SE
5. Fourier expansion

bt w) = ;E E bn,pe t@nttPe) (19)
\/BV
n P

6. Partition function free theory

1
z = Il Dinpexp [~= 0% pd +wDonp| . ()

n,p
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QCD

7. Gaussian integrals

z = 2[52(wi+w2)]7%1 (16)

n,p

gz = - E log [ﬁz(wi+w2)] . (17)
2

n,p

8. Matsubara sums using complex integration (exercise!)

1 d3
— log [P2+m2] = P\ /p2 4 m2
)% (27)3
P
a3 B/ p24m2
+2T d log |1 —e A petm (18)

(2m)3
P L
1 a3 Vare—
— log [P2 + m2:| = — L p2 + m?2
v (2m)3
P
a3 _ 8./ 2 2
—27T L og [1+e By pirm (19)

—_—
(2m)3
P L .
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QCD

A simple model for Bose condensation

1. Lagrangian

A
£ = —@uo)feue) - m2ete —n@+aet) - Z(2fe)?
24
Conserved charge (calculate it!). Adding a chemical potential
) ~ D, =08, -5 (20)
© " © nh
3. Assuming a condensate, (¢1) = pg # 0
1 A
2 2 02 4
—(m* — pu)pg + —pq - (21)
2 24
4. Symmetry breaking if 2 > m?2

) (22)
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Unbkan symmetry Spantanecusty broken symmetry

Classical potential for m2 > uz (left) and m2 < u2 (right).
5. Inverse propagator
2 2 :
— k< —m —2ik
byt = ST s ©3)
2ikgp kS — m3
6. Dispersion relation
By(k) = k243u% —m? 44/ (3u2 2 4 ap2u2  (29)
7. Goldstone boson
W2 — m?2
E_ (k) = —_— k. (25)
3u2 — m?2
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QCD

Linear sigma model
1. Lagrangian

A
£ = —Oue@uei) ~ mP@ipi — ho1 — —(6160)°

T [(a;‘@)f(aué)] — m2T |:<I>T<I>:| — hTr@ + @1

[’

2. O(4)-symmetry. Describes three pion and the sigma.

3. Vacuum expectation value

1 = ¢o+ P .
4. Classical potential

1 A
2,2 4
v = —-m~¢q + — ¢y — he
2 0 24 0 0

5. Spontaneous symmetry breaking if m?2 <o

¢0 =

(26)

(27)

(28)

(29)
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Unbsmken symmetry Sportansceshy broken symmotry

Classical potential for m2 > 0 (left) and m?2 < 0 (right).

6. Goldstone bosons are angular excitations
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QCD

7. Adding a chemical potential

Oy = Du=0u -8 (30)
1 1 A
Vo= cmPeg 4+ —(m® = wied - hoo + — (95 + o> 6D
2 2 24
8. Parameter fixing
m? = —Z(mZ -m2), (32)
2 2
m —m
o= me—mm (33)
352
2
h = mifn. (34)

9. Condensate in the vacuum phase

b0 = Jfx, (35)
po = 0. (36)

10. Condensates in pion-condensed phase

2
h mZ fr
b0 = — = ""_2 N (37)
Iz I
I I
2
2 h
2 2 2
P = —(uy—-m) - — . (38)
0 N I 4
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QCD

11. Pion condensate

2 2 242
s udem2osm2y2 ndg2
fo = 2 2 - P (39
m2 — m2 ul
12. Pressure
1, 4m§(u% —2m2) + (2;% —3m2)2 4 3m% mir2
L 2 2 52
8 m2 — m2 2 u2
13. Energy density
1 zmg(u§+2mgr)+3u§(uf—mzr)—&n‘,l, 3 mf2
Eo= iz 2 2 T 5.2
2 m2 —m2 2 u2
14. Chiral perturbation theory (m o — o)
4
m
P = gmg 1 (40)
Ky
1 2\ 2
pCHPT — 12,2 (1 - —") . (a1)
> 2
T
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QCD

Pion stars

1. Structure equations (TOV equations)

dA
<
P(r +dr) =
———
P(r)
dr
r
2
M 4 E(r) ’ @
dr c2
apP(r) cEmM@) [P0 T, arxr3P(r)
dr T T 2,2 tem a2
-1

2. We need the equation of state
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Equation of state

3.

P/m?

20/47
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T
— pure
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Mass-radius relations for boson stars

4. Inverse propagators

k2 —m2 %¢Opo 0 0
A 2 .
-1 $op k< 4+ m —2ip P, 0
Dot = 39000 Ty TR 42)
2ipgpg k2 —m32 0
0 0 0 k2 —m2

5. Dispersion relations
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Quark content of a 7

=t s T, (45)

kg - u +uy . (46)

U W w
T[ g (TAY) '\.,"“\/<v'L

Pion decay

6. Local charge neutrality

ng = 0. (47)
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7. Chemical equilibrium

233 = nQ
He = —HQ tHL,
Hue = HLg
P = TrQ T HL,
S = KLy -

8. Pressure of free leptons

P . 2t m2) e (u — /a2 +m?2
1 = (27()3 Ky q 1 Ky q 1

4
— /.2 20,2 5.m2
= m{ul my my (,ul Eml>

3
+ - m;l log
2

9. Number density

() dP; 16 ( P 2)
ny(p = - _" (2-m
e dp;  3(am2z \' l

Nlw

ny + w/ulz —mlz
—}e(ul —mg) .
my

O(pg — my)

(53)

(54)

Jens O. Andersen | Norwegian University of Science and Technology

23/47



1. Mass-radius relation

200 — PR ‘ ‘
— n+te
100}
— mtu
50f
— m+lv,
= 20t
= lor
st
2l
10
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2. Total mass M, radius R, central pressure Pc, central isospin chemical potential cr surface

pressure Pg, and total neutrino density ny, = ny, + nyy, at the surface for the largest stable
stars in appropriate units

System L T4 T4 e "+l+Vl
M/ Mg 8.91 18.45 223.86 18.65
R [km] 53.06 252.08 2.724 104 118.9
P [MeV/fm3] 20.6 0.23 4.56x 10" 3.75
KT e [MeV] 253.88 142.0928 140.0000851 140.905
Pg [MeV/fm3] 0 0 0 0.43
ny, [1/fm5) 0 0 0 122x10~3
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QCD

Quark-meson model

1. Add fermions to the linear sigma model. Possible to address questions involving nonzero baryon
density

2. Lagrangian

Lmeson = % [(8“5)2 i (6u"")2] T %m2 [02 . "2]
Lquark = ¥ [wu oy — M'm] W (56)
Lyikawa = ® [9(0 — iypT - r)] P . (57)

3. Symmetries (cf QCD and instantons)

SU(2)p, x SU(2)g x U(1)g x SU(N¢) - (58)

4 If (o) = ¢g # 0

SU2)y x U(l)g x SU(Ne) - (59)
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5. Adding an isospin chemical potential further breaks the symmetries.

SU@)p x SU@2)p  — U@ x UQ1),
sSU@)y - UQ@).

Can now adress questions of chiral symmetry restoration and pion condensation

7. Approximations

a) Loop

)

ic without r ion)

b) 1/N_-expansion (effective action)

c) Functional renormalization group

(60)
(61)
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8. Parameter fixing

a) Tree-level relations no longer hold

b) Must match the parameters to physical quantities at the same level of accuracy as the
effective potential!

c) Use on-shell and MS schemes

d) Self energies and renormalization conditions

p2 - mi = iZgyﬂ-(p2)+counterterms (62)
s
Eos(p2 = mg’w)+countertevms = 0, (63)

-+ counterterms = 0. (64)

Self-energy of the o particle

Jens O. Andersen | Norwegian University of Science and Technology 28/47



QCD

e) Tadpoles and renormalization condition

st — 0. (65)

—_—

Tadpole diagram for the sigma particle and the counterterm

f) Counterterms determined by renormalization conditions
smZ = eml, 4 ... (66)
SXos = gy + - (67)

g) Relations among renormalized parameters

m2, = mZ 4sm2 —sm2, (68)
Ams = (69)

9. Renormalized parameters in terms of physical masses etc

2
4m2 N

2 1 2 q
mpe = —5mg 14 ——
(am)2f2

} ) (70)
am?2
+ (1 - m—2q> F(m2) } . (71)
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1. Vacuum contribution to the one-loop effective potential

2 2 2NeA* A2\ 11 3
Vi = —4N. p2 4+ A2 =22 — [_+-] L(72)
(4m)2 A2 e 2

P
2. Thermodynamic potential
1, A2 Ams(A)  Aa? 2N.A% A2 3
Vioo= omng(A)— 7 5 |leg < + =
2 Irs(N) 24 gpe(A) (4m) A 2

—4NCT/ { log [1 + e—ﬁ(E—u)] T log [1 + e—ﬂ(E-Ht)] } )
P
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QCD

Thermodynamics of the QM model

2 2 2 2
15 o, 4mZNe 4m? 5 am?2 A
T —— 1+ —2 11— F + .
L 4m0-f7r (41r)2f72‘_ mg (mo.) mg. mg
1 am2N, [4am?2 A2 3
+—mgf,2, 1— L a log | — - =
8 (am)2f2 | m2 m2 2
am?2 Al
o q
—4NCT/ { log [1 + e*ﬂ(E*“)] + log [1 + e*ﬁ(EJru)] }(.73)
P

3. Results

Mg =600 MeV

Vireo s Viciooplfr®

0 50 100 150 200 250 300 350
A (MeV)

Vacuum effective potential normalized to fﬁ as a function of A for mgs = 600 MeV.
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4. No-sea approximation ignores vacuum energy and renormalization

me=600 MeV

0 50 100 150 200 250 300
T(MeV)
The phase diagram in the u—T plane for m s = 600 MeV. A dashed line indicates a second-order transition,

while a solid indicates a first-order transition. The red dot shows the tricritical point. The blue solid line is
phase boundary in the no-sea approximation.
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QCD

Pion condensation revisited

1. Vacuum energy

Vi = —Ne (Eu + Eg+ Bg + EJ) , (74)
P

Ey = E(—pg), Eg=E(kr), (75)

Eg = E(up), Eg=EBE(-pg), (76)

1
2 2
E(pr) = |:(\/ P2+A2+u1> +p2] . (77)

2. lsolate UV divergences

2.2
2 2 2 HiP
Vdiv = —4N¢ P+ A% +p t %
» 2(p? + A2 +p2)2
AN, eYEA2 € 2
= — (A2 +p2) r(—2+¢)
(4m)2 \ a2 +p?
2 2
—2u%p F(e)] . (78)
The remainder Vi is finite and reads
Vin = V1~ V4w - (79)
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3. Renormalized potential at T = 0

2 2 2
= Za2g2 1o Amatle m2F (m2) § 2T
4 T (am)2f2 7 4 m?2

1 5 o, 4717,3 Ne 4m2 'rn2
- = 1 _— 1— F — F —
4m0f7r + (47\')2f,2.- :%— (m )+ — 0_ (m )

A2 4 p2
mfrF’(mfr)] } - 0

™5
2
4m% Ne 2 2 2
2.2 a A“+p 2 2 2 P
—2 1— — |1 F F —
”’f”{ @m2s2 [Og mz PO (m”” m3
1 4m2N. [4am?2 2, 2
2 .2 q q A4y 3
+—mgf 1- — log =——5— —
s 7 ”{ am?2 72 {mi ( " "‘)
4m2 (A2 4 p2)2
- 1*? F(m)+F(m)+m F(Tﬂ) e —
o my
2 2
1 5 o 4m Nc (A +p
—= 1— — F
8m7rf7r [ (4ﬂ)2f2 (m ) m‘é
2 .2 am?2 Nc A
—mZf2 (1 — m F (m ) m—q + Vin - (80)
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1. Wilson line

B
L(x) = Pexp |i drAy(e, 7)| , (81)
0
2. Polyakov loop
P = TrL(=) . (82)
3. Transforms under center transformations
L(z) — e2™n/Nep(gy . (83)
4. Order parameter for confinement
(P) o~ 0 confinement at low T (84)
(@) ~ 1 deconfinement at high T . (85)
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QCD

5. Background field A4 in the Polyakov gauge

Ay = t3A3 +gaY (86)
6. Parametrization
ci(d1+02) 0 0
L= ) ei(—P1+92) 0 s (87)
0 0 e 2id2

7. Finite-temperature contribution

d3p

A% = —2T
T (2m)3

{Trlog [1 + 3(® + ée_BE“)e_BEu

+e*35Eu] + Trlog [1 +3(3 4+ ®e PEay.—FEa | 5*3/”371]
+Trlog [1 +3(® + @e_ﬁEd)e_BEd + 5_35Edj|

=  4Trlog [1+3(<i>+<1>e’BEJ)e’BEi+e735Ed']} . (88)

8. Distribution functions

14 28ePE | 3e26F
ngp = — (89)
1+ 33eBE 4 30e20F 4 3e8E
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QCD

9. Pure-glue potential

u o !od [ = 3 =3 = 2]
— =  ——a®® 4 blog |1 - 633+ 48> +33) — 3(28)2| ,(90)
2

T4
) Ty 2
a = 351—-247 — ) +15.2 | — s (91)
T T
3
T
b o= 71475(—0) . (92)
T

The temperature Ty is defined by

with

To(Ng,np) = Tpe— 1/ (@ob(pp)) | (93)

10. Condensates

Afm,

120 140 160 180 200 220 240
T (MeV)
A

Normalized chiral condensate e and Polyakov-loop @ as functions of the temperature T" for
q

pg =pp =0
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Ap(MeV)

41 (MeV)

Chiral (red line) and pion condensates (blue line) A and p as functions of the isospin chemical potential 1
at T = 0.

11. Phase diagram

0 20 40 60 80 100 120 140
1 (MeV)

Phase diagram in the p =T plane for 1 g = 0 without Polyakov loop.
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12. Phase diagram - comparison with lattice results of Endrodi et al

chirol crossover

pion

condensation

2

0 20 40 60 80 100 120 140 0.2 0.4 0.6
i (MeV) W/ m,

Phase diagram in the p ;=T plane for © g = O with Polyakov loop.

0.8
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Inhomogeneous condensate

1. s it possible that a pion or chiral condensate is inhomogeneous?

2. Different ansatze for the condensate

3. Competition between condensates

4. Renormalization issues and possible artefacts of the regulator

5. Finite-temperature effects?
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1. Chiral density wave

1

$0 cos(qz) , T3 = ¢g sin(qz) (94)
0 Ty =0, (95)

2. Tree-level potential with A = g and p = gmq

1 A2 1 a2 4 p2 2
Vo = S22l eyt 200
2 m 4 my my
1 (a2 4 p2)2
422 (m2 - m2) &
8 mq
A
—mZ ;2 cos(qz)dq,0 - (96)
mq
3. Dispersion relations
EX = E(tq, -np, Edi = E(4q,n5), (97)
EY = B(faup. EBf =BG -up) (8)
1
2 2 2
q
B(q.np) = \/pi+(1/Pﬁ+A2+E) +ur | +0%| (99
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4. Dispersion relations

E. when T E. when T>
2 2

5. One-loop contribution

(100)
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6. lsolating the divergences

wip
Vg, = —4Ng A/p24Aa2 424 TIT

3
P 2(p2 + A2 4+ p2)2

3q2u?p2(4A2 + 4Pﬁ - pi )
+

7
16(p2 + A2 +p2)2

2 (P2 + p2) a* %+ pH (4% +4p? — p2 - p?)
1 n I

3 7
8(p2 + A2 4+ p2)2 128(p2 + A2 +p2)2

2N, TYEAZ € 2
_ 2Ne (A7 2 (A2+92) (=2 + o) + ¢2Aa2r(e)
(am2 \ a2 1 p2
A292
2 2 2 2

—4p7p°T(e) — 2q Hlml"@ +€)
4 2

Ty (A 0a? v
- — [ —Aa? 2% | T(1 4+ . 101

TRV CEwEIT) (1—e (1+¢ (101)

The remainder Vi, is finite and reads

Vin = V1= Vi - (102)

Jens O. Andersen | Norwegian University of Science and Technology 43/47



4m2N¢ 2, 2

_ *mg a4 2 2 e 2

1 —(4")2f72r |:log—m;1L+F(m7r)+m7rF (m3)
4m2Ne

A
_ mmf‘_lr,(mi)} — cos(g2)84,0

mq
4A2(A2+2p2)+ q2u2 A%p2 + Viin +
(A2 + p2)2 a2 4 p2)2 fin o

+ _ +_
{log |:1+e*ﬂ(Eu *F‘>:| + log |:1+e BB “>:|
P

_p(BE _p(et
+log [1+e B(Ea+“)] 1 log {1+e Al d+”)]}4

V7 and Vipat must be independent of g in the limit A — 0.

I
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1. Condensates at T' = 0

300] 300]

250) 250|
£ 20 = 20
S 2
< 150 Z 150
a 4

100 100

50 50

(] 50 100 150 200 o 50 100 150 200

1 (MeV) 1 (MeV)

Chiral condensate (blue line) and pion condensate (red line) as functions of the isospin chemical potential
pg for p = 0and o = 260 MeV at the physical point and 7" = 0.

2. Phase diagram

aen)

Phase diagram in the pi—p 1 plane at the physical point in the homogeneous case at T = 0.
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3. Inhomogeneous condensate

me(MeV)

Lower and upper limits of the chemical potential p where an inhomogeneous phase exists as a function of
mq for pyp = 0.

4. Inhomogeneous phases

150) N —
—— homogencous

— inhomogencous

(MeV)

260 250 300 20 a0
HMeV)

Phase diagram in the p—pp plane at 7" = 0 in the chiral limit. See main text for details.
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5. Condensates

a0 400) P
~ 300 | < 300 — i
Z H Z |
H i z i
Z 200 1 Z 200 H
- ! 3 ¢
100 : 100] H

\ 4

(] 0 W 0 s 10 %0 20 00 30 20 30 0
By MeV) o MeV)

Chiral condensate A (blue line) and wave vector g (red line) as a function of the isospin chemical potential

g in the chiral limit for = 325 MeV.

Chiral condensate (blue line), wave vector (red line), and pion condensate (green line) as functions of the

chemical potential 1 in the chiral limit for 17 = 5 MeV.
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