Low energy nuclear systems:
The two-nucleon system
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Introduction

@ It is more than 100 years that we have research in nuclear physics
@ At present times it is a very active field of research
@ Many of the motivations will be discussed at the school
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Introduction

@ It is more than 100 years that we have research in nuclear physics
@ At present times it is a very active field of research
@ Many of the motivations will be discussed at the school

@ It is a strong interacting many-body system:
¢ Very complicate to describe
e Not only for discrete states but also continuum states

@ The nuclear interaction is still under active research
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The NN potential

The potential can depends on

the distance — V(r)

@ the spins angle — V,(r)a1 - o2

@ the spin and ¢ angle — Vig(r) - §

@ the spinsand I’ =, — i angles — V1 (r) S

with the tensor operator Sy, = 3(51 - f) (62 - ) — 71 - 7>
the different isospin channels — 71 - 7

V(1,2) = V(r)+Vs(r) o102+ Vi(r) 71 72+ V (or (61-02) (71 T2)+
+V|5(r)£ : §—|—VT(r)Slz + ...

.
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The two-nucleon System

The two-nucleon wave function has total J, T and parity quantum
numbers

vi..2)= 3 0 ey 0 el

Is

with
1 1
Xss; = ) = (581552[882)x1s, (1)x1s,(2)
S1,S2
1
&, =Y = (5t 2t2|TTz)€1tl(1)€1t (2)
ty,t
and
[Yi(F) ® xslay, = Z(”zSSZUJZ)YIIZ(f)Xssz
IzSz
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The Two-Nucleon System

Antisymmetrization:

vi(1,2)=-vl.(2,1)=1+s+T =odd

The lower quantum numbers are:

Il s T J~
0O 0 1 Of

02 1 0 1t — deuteronchannel
1 0 0 1-
1 1 1 0
1 1 1 1-

13 1 1 2= — coupledchannel
2 0 1 2*
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Determination of the reduced wave function us(r)

The structure of the two-nucleon system is governed by the NN force.
Let us look to the Schroedinger equation:

2
HY], = {—%vz +V(1,2)] vl =EV],

Defining

.02 = 3 B0 ey o e, & = 3 s >
Is Is

At low energies only s-wave contributes in only two possible states:
JT=0"andJ™ =1%

Wi, (1,2) = up(r)|000 > and WY, (1,2) = uy(r)[011 >

(1st lesson) The two-nucleon system 10-15 February 2019 6/23



Zero-energy scattering
The Schroedinger equation is:

[_EW +Vs(r)] us(r) = E us(r)

If the potential is the same, the low-energy behavior of the s = 0,1
states would be equal. However a bound state appears for s = 1 and
not for s = 0 — the potential is different in the two spin channels.

Furthermore, let us look at the zero-energy state:

2 92
V)] () =0

The nuclear potential is short-range, V (r > ry) = 0, and for r > ry, the
equation is

52
mus(r) - O
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Therefore
Us(r) = r —as

with ag the scattering length in spin channel s. The equation
ug (r) — Vs(r)/(h2/m) = 0 is integrated from the origin us(0) = 0 up to
matching the above linear behavior.

u(r) [fm]
3
T
5
L

Experimental data for these quantities are: ag = —23.74(2) fm and
a; = 5.42(1) fm, a further evidence of the different strength of the

potential in channels s =0, 1.
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Positive energies

At positive energies the Schroedinger equation is:

— matrix

matrix

— matrix

matrix

n? 9
e VAl () = ()
or V ( )
" mV(r
i+ [ - 0 sty -
with
us(r > ry) = sin(kr) + R cos(kr)
In general
sin(kr) + R cos(kr) K
e—ikr _S eikr S _
Us(r > n) = sinkr + T el T
R~1sin(kr) + cos(kr) K~1—
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The Phase-shift o
For single channels: R = tan ¢ with § the phase-shift. And

S = %%, T =singel?
To determine the phase-shift we impose the boundary conditions:

1)us(0) = 0
2)us(r > ry) = sin(kr) + R cos(kr)

T T
E=10 MeV/
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Effective Range expansion

The scattering length and the phase-shift are related through the
effective range expansion, valid at low energies:

k cotd = 1 + lekz — exercise
as 2

where h?k?/m = E is the energy of the process and Rs is the effective
rangei in channel s:

Rs:2/ooo[¢§—u52(k:0) dr

with ¢s = 1 —r/as and us(k = 0) the zero-enrgy solution normalized in
such a way that

us(r >ry) —1—r/as

In the above integral, the integrand goes to zero very quickly as ¢s and
us(k = 0) becomes equal.
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Effective Range expansion
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np effective range

For s-wave scattering the equation at two different energies

8Zgrlz(r) B <m\;2(r) B k12> uy(r) = 0

az;;rzz(l’) B <m\;2(r) _ k22> Uz(r) ~0

substracting and integrating the equations the equations we have

r/
(Uouf — uqud)|l = (k2 — kf)/ Uy Udr
r

or using the asymptotic form ¢; = [cos(k;r) + cotd sin(kir)]
rl
(6261 = 0l = (1 =) [ ugach
r
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np effective range

making r’ > ry and substracting the two equations, the asymptotic part
is canceled. For r — 0 the wave functions ui, u, — 0. The behavior of
the functions ¢; asr — 0 are ¢;(0) = ¢»(0) = 1 and

c;S,’(O) = k; cot ¢
The only remaining term is

b2, — by = kp COLS, — kg cOLSy = (K2 — k2) / (6162 — UzUz)

for k; — 0 and generic k

1 1
kcotd = —= + ZRgk?
CcO a+2 s

(1st lesson) The two-nucleon system 10-15 February 2019 14/23



The pole of the S-matrix

The S-matrix is defined as

el® cos§+ising  cotd +i

S=ed0 - = __ = :
e-16  cos§—isingd cotd —i

and kcoté = ik is a pole of the S-matrix. The extension to the complex
plane (at the immaginary axis) corresponds to bound states: k = ixqg.

Resulting in ikgcotd = —kq. Using the effective range expansion, valid
only for bound states close to the threshold (shallow states), we have:

1 1
Kq = a + ERSFLS

from where it would be possible to extract the bound state energy
using scattering properties.
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Is the deuteron a shallow bound state?
Experimental data:

np a; 5.419(7) fm
R, 1.753(8) fm
ag -23.740(20) fm
Ro 2.77(5) fm
Eqy 2.22456 MeV
nn ag -18.90(40) fm
Ro 2.75(11) fm
pp ap -7.8063(26)fm
Ro 2.794(14) fm

Using these data the deuteron binding energy can be estimated as:

1
Ky = — (1 /1= 2R1/a1)
Ry
Eq = h?k3/m = 2.223 MeV.



The sign of the scattering length
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The black squares represent the deuteron and nn virtual state
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pp scattering

Two protons have isospin T = 1, the wave function is

v 2) =3 D vy 1) o xlyy,

Is

Outside the nuclear range the equations are not coupled. For energy
E = h?k?/m

2%  1(1+1) me?
(2~ o ) w0 =0

defining the dimensionless variable z = kr

ue(z) + <1 _ 2 M= 1)> us(z) =0

z z2

with 2 = (h?/m)e?/k or 2kn = (h?/m)e? = 1/R, with Ry, the protonic
Bohr radius
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pp scattering

The solutions are combinations of the regular and irregular Coulomb
wave functions F(n, z), G(n, z) with the following asymptotic behavior

Fi(n,z) == sin(z —nIn2z — /2 + o)

G(n,z) =% cos(z —nIn2z —In/2 + o))
with the Coulomb phase-shift oy = argl'(l + 1 + in)

The asymptotic form of the wave function is the combination

Uis(r > ry) o< Fi(n,z) + tan 6G, (eta, z)

with § the nuclear phase-shift with respect to the Coulomb field
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pp effective range

The effective range formula can be obtained similar to the np case. For
s-wave scattering the equation at two different energies

A%uq(r me2  mV(r
8r12()_<52r * hz()—kf>u1(r):0

92Uy (r me2  mV(r
i (o + R e =0

substracting and integrating the equations the equations we have
! r/
(uu; — i)y = (6 ~kB) [ usuger
r
or using the asymptotic form ¢; = Cg;[Go(kir) + cotdFq(kir)]
r/
(6261 = x0p)lf = (0 =16) [ uach
r
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pp effective range

making r’ > ry and substracting the two equations, the asymptotic part
is canceled. For r — 0 the wave functions u;,u, — 0. The behavior of
the functions ¢; as r — 0 can be obtained from

Fo(z) =9 Coz(1 +nz +...)

z—0

Go(z) — —{1+2nz [In(2nz) + 2y —1+h(n)]+...}

with v = 0.577215.. .. the Euler constant, Co = 27n/(€?™ — 1) and

h(n) = —Inn + Rey(1 + in), with ¢» denoting the digamma function.
The only remaining term is

0 1
b2y — 1y —> —[h(nz) — h(m)] + C3ky cotd, — C2ky cotdy
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pp effective range

For k; — 0 we define
1 -1
khE]O Cgk cotd(k) + Ry h(n) ™

and the effective range expansion results
2 1 -1 2 [
Cokcotd(k) + =—h(n) = — +k (¢po — uug)dr

Rp @pp 0

defining again
Ro=2 [ (6 - ud)ar

0
the effective range expansion is

1 -1 1
2 ~ 12
Cgk cotd(k) + Rloh(77) ™ + 2k Ro
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Relation between pp and nn effective ranges

Taking the proper limits, the nn scattering length in the same nuclear
potential is related to the pp scattering length by the following
approximate relation

= ot (gl +03%0)

where the number 0.330 is obtained from a combination of the Euler
constant, In 7 and the cosine integral C;(r).

Remembering the experimental values: a,, = —7.8063(26) fm and
Ro = 2.794(14) fm. We can calculated the corrected value:
app = —17.137 fm. To be compare to the ann = —18.90(40) fm.

There is a small difference between the pp and the nn forces.
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