Low energy nuclear physics:
calculating observables
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The two-nucleon system with a realistic potential

a) The deuteron (J™ =17,s =1,t = 0)

up(r N u u
vD.(1,2) =) # [Yi(F) ® x1]1m €00 = T°|011 > +72|211 >
|

The two components ug and u, are determined by the potential in
s,t = 1,0 channel:

V10(1,2) = Ve(r) + Vis(r)l- § + V1 (r)S12 + Vip(r)f% + Visa(r)(£-8) + ..

Considering these potential terms, the equation for the radial
components is

(H—E)[-2/011 > +2[211 >] = 0
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deuteron equations

Projecting the equations in the two angular states

2
[_%W + <011|V(1,2)[011>— E] 20 = _<o11)v(1,2)[211> 52
52 Up _ Uo
—m 5z — 12 ) + <211V (12))211>-E | T2 = —<211|V(1,2)011> ]

The next step is to calculate the matrix elements of the potential
< 011]V(1,2)[011 >= V¢(r)
< 211|V(1,2)[011 >= V8V (r)

< 211|V(1,2)[211 >= V¢(r) — 3Vis(r) + Visp + 6V)o(r) — 2V (r)

Finally we apply the boundary conditions (r — oo) :
(9%/0r? —k3)uo(r) =0 Uo(r) — e k'

(0%/0r2 —6/r2 —k3)ua(r) =0 up(r) — e k(1 +3/kgr + 3/k3r?)
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Deuteron wave function
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with the normalization [;°(u3 + u3)dr = 1

and a D-state probability Py = 100 x [7° u3dr ~ 5%
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Evidence for the D-state of the deuteron

Evidences for the deuteron D-state are coming from the quadrupole
moment Q (different from zero) and from the magnetic moment
(different from summing the proton and deuteron magnetic moments).

A) The quadrupole moment:

1670\ Y? . .
Q = <T> /WJJQ20WJJ d3r

where

A
1
Q20 = ekz_lﬁ(zYzo(@k)(E +15)

and the deuteron wave function written as

Vj5 =coSeup(r)|011 > +sineuy(r)|211 >
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Evidence for the D-state of the deuteron
The £ = 0 component does not contribute

Q <167T>1/2 © _ cosesine(201111) /oou (r)uo(r)r2dr + sin?
= —_— — € € €...
5 e | Uo(n)u:

the experimental value is Q = 0.2860(15) fm2. This results can be
reproduced with sin? ¢ ~ 0.04 (a D-state probability of about 4%).

B) The magnetic moment u:
Is the mean value of the z-component of the magnetic moment
operator

A A

5 1 o . 1 o

M = g <§ (E +t8) (4 +afsk) + E (E —tlé)gﬂsk)
k k

and the magnetic moment is
p=<Vy M|V, >
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Evidence for the D-state of the deuteron

the giroscope factors gP /2 = 2.792782(17), g"/2 = —1.913148(66).

Defining the scalar us = (gP +g")/2 and vector uy = (gP —g")/2
moments, the operator is

A A
- 1 kv R ke
M = o (;(E + 13 )l + p1sS + iy zk:t35k>
which for the deuteron reduces to (yo/2)5+ 1sS. Making some algebra

(exercise) and considering the deuteron angular momentum J = 1, the
magnetic moment results

fid/po = pis + Sin? e(g — % —0.879 — 0.5695sin’ ¢

the measured value is pq4 /1o = 0.857406(1), implying a D-state
probability of around 4%.
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Coupled equations in the continuum
We consider the following potential in each in s,t channel:

Vet (1,2) = Ve (r) + Vis(r) - § + Vr (r)S1z + Via(r )% + Visa(r)(€ - §)?
For spin single channels the potential reduced to
Vot(1,2) = Ve(r) + Via(r)¢?
and the equation are not coupled
u(r " u u
V35(1,2) = # [Yi(F) @ xolym &t, = TJYJMXoo&tZ = TJUOJ >

The equation to be solved is

2
<—%v2 +V(L,2) - E> UJT(r)UOJ >

considering < JOJ|V (1,2)[J0J >= V¢(r) + J(J + 1)Vi2(r) we have

[_%2 (88—:2 _ %) +Ve(r) +3(3 + 1)Vip(r) — E] U(r) =0
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spin single channel equation

o [J(Jr;r 1, Ve(r) +Jh(23/r: 1Vio(r) kz] 0y(0) = 0

For spin single channels there are not bound states. We consider

continuum states. Asymptotically we have

wi(r) — [% - kz] uy(r) =0

and
uz(r — oo) — rpa(kr) + tan §; Y (kr)]

where j;(kr), ); are Bessel functions of fractional order. At the origin
(r — 0) the reduced function behaves as u; — r?*1. In the case of two
protons (t = 1 and ¢ even) the asymptotic part is

JJ+1) me?

2 —
§0 - | = - B k2 () =0

with uy(r — oo) — F3(n, p) +tan§;G;(n, p)



Matrix elements of the potential V (1, 2)
In general we have to compute
<LSJI|V(1,2)[L'S"I >= dsg < LSI|V(L,2)[L'ST >

The tensor operator Sy, acts in S = 1 and can coupled different L
states:
<J1I|S12d1) >=2

<J-113-1|Spp]d 113 — 1 >= 300

<J+113ISp|d — 113 >= DU

<J+113[Spd +11] >= 2212

exercise!
Remember: Sy, = 3(0y - f)(02 - F) — 01 - 02
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Matrix elements of the potential V (1, 2)

The central potential is very simple
< LSJI|V(1,2)|L'S'T >= dsg/01/Ve(r)
The spin-orbit interaction is
< LSJ|L-S|L'S"d >= 533,5LL,%[J(J +1) - L(L+1)—S(S+1)]
and the L? interactions is

< LSJLAL'S'I >= 6sg/d/L(L + 1)
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spin s = 1 equations

In the case in which | = J there are not coupled equations (why?). The
equation is similar to the s = 0 case but the matrix elements of the
potential are:

<J1IV(1,2)]313 >=V¢(r) — Vis(r) + Visa +I(J + 1)Vj2(r) + 2V1(r)
For ¢ = J £ 1 the are coupled equations

92 (J-1)J Vi—19-1 2 _ Vi—1941
(W_ 2 T Rr/m Tk uy = H2 /m uy+1(r)

92 J+1)(I+2 Vig1,041 2 _ Vo101
(W ~ 2§ ) 72/m + k) uya = 72jm U-1(r)

where we have defined
Vis19-1=<J—-11J|V(1,2)]J —11J >

VAICEEY

V — p— V _ =
J-1,J+1 J+1,J3-1 20 +1)
Vit19+1 =< J +113V(1,2)[J + 113 >
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Asymptotic region
The coupled equations are not coupled asymptotically

(az _ (J+13£J+2) " k2>

or2 uy =0

It it possible to construct two different asymptotic configurations
a) uj_,(r —o0)=r[p_1(kr) +Ry_13-1YV5-1]

uf, 1 (r — o0) =r[Ry_1341V341]

b) ub_,(r — o0) =r[Ryy1,-1V-1]

U?H(r — 00) = I [9341(Kr) + Ryt1,341V341]
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Introducing the S-matrix

The relative weights with respect to the regular solutions form the
reactance matrix (or R-matrix). The solutions can be combined to form
the ingoing or outgoing waves.

a) ug_l(r — OO) =T [IJ_l(kr) — S\]_l’\]_lo‘]_l]

ud, 1 (r — o00) =r[S;-1,410541]

b) uj_,(r — 00) =r[Sy415-105-1]
U, (r — 00) =1 [Zy41(Kr) — S341,3410541]

With an incident wave in < J — 1,1, J| state, the S-matrix elements give
the probability of having an outgoing wave in states < J —1,1,J| and
<J+1,1,J|. To be noticed that the tensor force is the only component
of the force that induces a change in the orbital angular momentum
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Phase-shift and mixing parameters

For single channels the S-matrix can be defined as S = 2 For
coupled channels the S-matrix is a 2 x 2 matrix. In general the
following properties are verified: SST = 1 and Sij = S;ji.
It can be put in the following way:

S =u-te?tu

with
cose; sine BTN eZda 0
U= o ;e - 2i53ﬂ
Sine; COSe¢y 0 e

This is called the Blatt and Biedenharn decomposition, mostly used.
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Constructing the NN differential cross section

The incident wave function is determined by the incident nucleon

momentum, spin,isospin projections, and by the target quantum
numbers

elkle/zul 51/2t1 X1/2u2 51/2t2
It is convenient to construct states with total spin s and total isospin t

Xou = D (1/2111/2 pa|sp)xa 21 (1)X1/24,(2)
Hap2

&rT, = 2(1/2 111/21t2|TT2)E1 /2t (1)€1/2t,(2)

tyty
With the incident wave

DY (1/2111/2 pa|sp)(1/2 111/ 2ttt )& xs &7,
Sp 1tz
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Constructing the NN differential cross section

Let us concentrate for the moment in the case s = 1 and expands the
free wave in partial waves

[eS) /+1

e xnbrr, =D D VAr(20+ 1)i%9e(kr) (01 I p)[Y (0, 0)@xal s,
(=0 J=¢—-1

Now we have to remember the asymptotic form of the wave function
after solving the Schroedinger equation

Vi (r — o0) — {]Z(kr)[Yé ® xtla, + > TorOu (kO)[Ye ® x1la, } &1,
él

where | have used the combination of the regular solution relative to
the outgoing given by the T -matrix.

The wave function is multiplied by the proper factors and combined to
form the regular term of the incident wave function.
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The scattering matrix

[ee)
— "y, Y VAT(20+ 1)iY(001p|3 1) Ty Op ()Y e @xalaubrr,

3=0 e
The outgoing spherical wave behaves as 0, — (1/kr)el(K'—7¢/2)

) elkr
Vv — ey b, + Z M, (6) — X1 617,
W

where we have introduced the scattering matrix
\/_ o
My (0) = = — ZZ V20 + 1(002 13 1) (' 11| 3 ) T 20 Y e (6, 0)
J=0 ¢

withm’ = p — /.
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The scattering matrix
The result can be generalizedto s = 0,1 as

’ V 47'(' >
MSS, = o >N V20+ 1(00spd p) ('S 1[I p) TS Y e (6, 0)

J=0 ¢
In the case of NN scattering
gel —_— 555/Tee/

is2x2(fors=1land/=J+1)oralx1l(fors=0o0rs=1and
¢ =J). In conclusion the scattering matrix Mzz’, is a4 x 4 matrix

ss’ s
MNN’ — (555/ MNN’

from which the cross section and scattering observables can be
obtained

o(0) = %tr(MMT) ; P(0) = tr(MMTP)
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The pp scattering matrix

In the case of two protons the scattering matrix results

Var
MSS/ = 655/ k {fc(a)(s'u‘u/—’_

+> V20 + 1(L0spldp)(em's' 1 [ 11) €7 T 5 €Y e (6, 0)}

Jee

with f¢(¢) the Coulomb amplitude and o, the Coulomb phase-shift.

Recalling that
Fe(p — 00) — sin(p—nlIn2p — ¢r/2 + o))

and oy = arglfM (£ + 1 +in)

fe(0) = 4k§R cosec(f/2) exp(—2inInsin0/2 + im + 2iog)
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pp differential cross sections
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pp observable do/dQ at Tjap = 49.41 MeV
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np differential cross sections
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