
Low energy nuclear physics:
calculating observables
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The two-nucleon system with a realistic potential

a) The deuteron (Jπ = 1+, s = 1, t = 0)

Ψ0
1+(1, 2) =

∑

l

ul(r)
r

[Yl(r̂ ) ⊗ χ1]1M ξ00 =
u0

r
|011 > +

u2

r
|211 >

The two components u0 and u2 are determined by the potential in
s, t = 1, 0 channel:

V10(1, 2) = Vc(r)+ Vls(r)~ℓ ·~s + VT (r)S12 + Vl2(r)ℓ
2 + Vls2(r)(~ℓ ·~s)2 + . . .

Considering these potential terms, the equation for the radial
components is

(H − E)[
u0

r
|011 > +

u2

r
|211 >] = 0
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deuteron equations
Projecting the equations in the two angular states














[

−~2

m
∂2

∂r2 + <011|V (1,2)|011>−E

]

u0
r = −<011|V (1,2)|211>

u2
r

[

−~
2

m

(

∂2

∂r2 − 6
r2

)

+ <211|V (1,2)|211>−E

]

u2
r = −<211|V (1,2)|011>

u0
r

The next step is to calculate the matrix elements of the potential

< 011|V (1, 2)|011 >= Vc(r)

< 211|V (1, 2)|011 >=
√

8VT (r)

< 211|V (1, 2)|211 >= Vc(r) − 3Vls(r) + 9Vls2 + 6Vl2(r) − 2VT (r)

Finally we apply the boundary conditions (r → ∞) :
(∂2/∂r2 − k2

d )u0(r) = 0 u0(r) → e−kd r

(∂2/∂r2 − 6/r2 − k2
d )u2(r) = 0 u2(r) → e−kd r (1 + 3/kd r + 3/k2

d r2)
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Deuteron wave function
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with the normalization
∫∞

0 (u2
0 + u2

2)dr = 1

and a D-state probability Pd = 100 ×
∫∞

0 u2
2 dr ≈ 5%
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Evidence for the D-state of the deuteron

Evidences for the deuteron D-state are coming from the quadrupole
moment Q (different from zero) and from the magnetic moment
(different from summing the proton and deuteron magnetic moments).

A) The quadrupole moment:

Q =

(

16π

5

)1/2 ∫

Ψ∗
JJQ20ΨJJ d3~r

where

Q20 = e
A
∑

k=1

r2
k Y20(θk )(

1
2

+ tk
3 )

and the deuteron wave function written as

ΨJJ = cos ǫ u0(r)|011 > + sin ǫ u2(r)|211 >
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Evidence for the D-state of the deuteron
The ℓ = 0 component does not contribute

Q =

(

16π

5

)1/2 e√
4π

cos ǫ sin ǫ (2011|11)

∫ ∞

0
u0(r)u2(r)r

2dr +sin2 ǫ . . .

the experimental value is Q = 0.2860(15) fm2. This results can be
reproduced with sin2 ǫ ≈ 0.04 (a D-state probability of about 4%).

B) The magnetic moment µ:
Is the mean value of the z-component of the magnetic moment
operator

~M = µ0

(

A
∑

k

(
1
2

+ tk
3 )(~ℓk + gp

k
~sk ) +

A
∑

k

(
1
2
− tk

3 )gn
k~sk

)

and the magnetic moment is

µ =< ΨJJ |Mz |ΨJJ >
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Evidence for the D-state of the deuteron

the giroscope factors gp/2 = 2.792782(17), gn/2 = −1.913148(66).
Defining the scalar µs = (gp + gn)/2 and vector µv = (gp − gn)/2
moments, the operator is

~M = µ0

(

A
∑

k

(
1
2

+ tk
3 )~ℓk + µs~s + µv

A
∑

k

tk
3~sk

)

which for the deuteron reduces to (µ0/2)~ℓ + µs~s. Making some algebra
(exercise) and considering the deuteron angular momentum J = 1, the
magnetic moment results

µd/µ0 = µs + sin2 ǫ (
3
4
− µs

2
) = 0.879 − 0.569 sin2 ǫ

the measured value is µd/µ0 = 0.857406(1), implying a D-state
probability of around 4%.
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Coupled equations in the continuum
We consider the following potential in each in s, t channel:

Vst(1, 2) = Vc(r) + Vls(r)~ℓ · ~s + VT (r)S12 + Vl2(r)ℓ
2 + Vls2(r)(~ℓ · ~s)2

For spin single channels the potential reduced to
V0t(1, 2) = Vc(r) + Vl2(r)ℓ2

and the equation are not coupled

Ψπ
Jt(1, 2) =

ul(r)
r

[Yl(r̂) ⊗ χ0]JM ξttz =
uJ

r
YJMχ00ξttz =

uJ

r
|JOJ >

The equation to be solved is
(

−~
2

m
∇2 + V (1, 2) − E

)

uJ(r)
r

|J0J >

considering < J0J|V (1, 2)|J0J >= Vc(r) + J(J + 1)Vl2(r) we have
[

−~
2

m

(

∂2

∂r2 − J(J + 1)

r2

)

+ Vc(r) + J(J + 1)Vl2(r) − E
]

uJ(r) = 0

(2nd lesson) calculating observables 10-15 February 2019 8 / 22



spin single channel equation

u′′
J (r) −

[

J(J + 1
r2 +

Vc(r) + J(J + 1)Vl2(r)
~2/m

− k2
]

uJ(r) = 0

For spin single channels there are not bound states. We consider
continuum states. Asymptotically we have

u′′
J (r) −

[

J(J + 1)

r2 − k2
]

uJ(r) = 0

and
uJ(r → ∞) −→ r [J(kr) + tan δJYJ(kr)]

where J(kr),YJ are Bessel functions of fractional order. At the origin
(r → 0) the reduced function behaves as uJ → rJ+1. In the case of two
protons (t = 1 and ℓ even) the asymptotic part is

u′′
J (r) −

[

J(J + 1)

r2 − me2

~2r
− k2

]

uJ(r) = 0

with uJ(r → ∞) −→ FJ(η, ρ) + tan δJGJ(η, ρ)
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Matrix elements of the potential V (1, 2)

In general we have to compute

< LSJ|V (1, 2)|L′S′J >= δSS′ < LSJ|V (1, 2)|L′SJ >

The tensor operator S12 acts in S = 1 and can coupled different L
states:

< J 1J|S12|J 1J >= 2

< J − 1 1 J − 1|S12|J − 1 1 J − 1 >= −2(J−1)
2J+1

< J + 1 1 J|S12|J − 1 1 J >=
6
√

J(J+1)

2J+1

< J + 1 1J|S12|J + 1 1J >= −2(J+2)
2J+1

exercise!
Remember: S12 = 3(σ1 · r̂ )(σ2 · r̂ ) − σ1 · σ2
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Matrix elements of the potential V (1, 2)

The central potential is very simple

< LSJ|V (1, 2)|L′S′J >= δSS′δLL′Vc(r)

The spin-orbit interaction is

< LSJ|~L · ~S|L′S′J >= δSS′δLL′

1
2

[J(J + 1) − L(L + 1) − S(S + 1)]

and the L2 interactions is

< LSJ|L2|L′S′J >= δSS′δLL′L(L + 1)
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spin s = 1 equations
In the case in which l = J there are not coupled equations (why?). The
equation is similar to the s = 0 case but the matrix elements of the
potential are:

< J1J|V (1, 2)|J1J >= Vc(r) − Vls(r) + Vls2 + J(J + 1)Vl2(r) + 2VT (r)

For ℓ = J ± 1 the are coupled equations














(

∂2

∂r2 − (J−1)J
r2 − VJ−1,J−1

~2/m + k2
)

uJ−1 =
VJ−1,J+1

~2/m uJ+1(r)

(

∂2

∂r2 − (J+1)(J+2)
r2 − VJ+1,J+1

~2/m + k2
)

uJ+1 =
VJ+1,J−1

~2/m uJ−1(r)

where we have defined

VJ−1,J−1 =< J − 11J|V (1, 2)|J − 11J >

VJ−1,J+1 = VJ+1,J−1 = 6

√

J(J + 1)

2(J + 1)

VJ+1,J+1 =< J + 11J|V (1, 2)|J + 11J >
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Asymptotic region

The coupled equations are not coupled asymptotically














(

∂2

∂r2 − (J−1)J
r2 + k2

)

uJ−1 = 0

(

∂2

∂r2 − (J+1)(J+2)
r2 + k2

)

uJ+1 = 0

It it possible to construct two different asymptotic configurations
a) ua

J−1(r → ∞) = r [J−1(kr) + RJ−1,J−1YJ−1]

ua
J+1(r → ∞) = r [RJ−1,J+1YJ+1]

b) ub
J−1(r → ∞) = r [RJ+1,J−1YJ−1]

ub
J+1(r → ∞) = r [J+1(kr) + RJ+1,J+1YJ+1]
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Introducing the S-matrix

The relative weights with respect to the regular solutions form the
reactance matrix (or R-matrix). The solutions can be combined to form
the ingoing or outgoing waves.
a) u0

J−1(r → ∞) = r [IJ−1(kr) − SJ−1,J−1OJ−1]

u0
J+1(r → ∞) = r [SJ−1,J+1OJ+1]

b) u1
J−1(r → ∞) = r [SJ+1,J−1OJ−1]

u1
J+1(r → ∞) = r [IJ+1(kr) − SJ+1,J+1OJ+1]

With an incident wave in < J −1, 1, J| state, the S-matrix elements give
the probability of having an outgoing wave in states < J − 1, 1, J| and
< J + 1, 1, J|. To be noticed that the tensor force is the only component
of the force that induces a change in the orbital angular momentum
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Phase-shift and mixing parameters

For single channels the S-matrix can be defined as S = e2iδ For
coupled channels the S-matrix is a 2 × 2 matrix. In general the
following properties are verified: SS† = 1 and Sij = Sji .
It can be put in the following way:

S = U−1e2i∆U

with

U =

(

cos ǫJ sin ǫJ

− sin ǫJ cos ǫJ

)

; e2i∆ =

(

e2iδJα 0
0 e2iδJβ

)

This is called the Blatt and Biedenharn decomposition, mostly used.
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Constructing the NN differential cross section

The incident wave function is determined by the incident nucleon
momentum, spin,isospin projections, and by the target quantum
numbers

eikzχ1/2µ1
ξ1/2t1χ1/2µ2

ξ1/2t2

It is convenient to construct states with total spin s and total isospin t

χsµ =
∑

µ1µ2

(1/2 µ11/2 µ2|sµ)χ1/2µ1
(1)χ1/2µ2

(2)

ξTTz =
∑

t1t2

(1/2 t11/2 t2|TTz)ξ1/2t1(1)ξ1/2t2(2)

With the incident wave

∑

sµ

∑

ttz

(1/2 µ11/2 µ2|sµ)(1/2 t11/2 t2|ttz)eikzχsµξTTz
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Constructing the NN differential cross section
Let us concentrate for the moment in the case s = 1 and expands the
free wave in partial waves

eikzχ1µξTTz =

∞
∑

ℓ=0

ℓ+1
∑

J=ℓ−1

√

4π(2ℓ + 1)iℓℓ(kr)(ℓ01µ|Jµ)[Yℓ(θ, 0)⊗χ1]JµξTTz

Now we have to remember the asymptotic form of the wave function
after solving the Schroedinger equation

ΨT
Jπ(r → ∞) −→

{

ℓ(kr)[Yℓ ⊗ χ1]JJz +
∑

ℓ′

T J
ℓℓ′Oℓ′(kr)[Yℓ′ ⊗ χ1]JJz

}

ξTTz

where I have used the combination of the regular solution relative to
the outgoing given by the T -matrix.
The wave function is multiplied by the proper factors and combined to
form the regular term of the incident wave function.
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The scattering matrix

→ eikzχ1µξTTz +

∞
∑

J=0

∑

ℓℓ′

√

4π(2ℓ + 1)iℓ(ℓ01µ|Jµ)T J
ℓℓ′Oℓ′(kr)[Yℓ′⊗χ1]JµξTTz

The outgoing spherical wave behaves as Oℓ → (1/kr)ei(kr−πℓ/2)

Ψ → eikzχ1µξTTz +
∑

µ′

Mµµ′(θ)
eikr

r
χ1µ′ξTTz

where we have introduced the scattering matrix

Mµµ′(θ) =

√
4π

k

∞
∑

J=0

∑

ℓℓ′

√
2ℓ + 1(ℓ01µ|Jµ)(ℓm′1µ′|Jµ)T J

ℓℓ′Yℓ′m′(θ, 0)

with m′ = µ − µ′.
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The scattering matrix
The result can be generalized to s = 0, 1 as

Mss′
µµ′ =

√
4π

k

∞
∑

J=0

∑

ℓℓ′

√
2ℓ + 1(ℓ0sµ|Jµ)(ℓm′s′µ′|Jµ)T ss′

ℓℓ′ Yℓ′m′(θ, 0)

In the case of NN scattering

T ss′
ℓℓ′ = δss′T

s,J
ℓℓ′

is 2 × 2 (for s = 1 and ℓ = J ± 1) or a 1 × 1 (for s = 0 or s = 1 and
ℓ = J). In conclusion the scattering matrix Mss′

µµ′ is a 4 × 4 matrix

Mss′
µµ′ = δss′M

s
µµ′

from which the cross section and scattering observables can be
obtained

σ(θ) =
1
4

tr(MM†) ; P(θ) = tr(MM†P)
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The pp scattering matrix

In the case of two protons the scattering matrix results

Mss′
µµ′ = δss′

√
4π

k

{

fc(θ)δµµ′+

+
∑

Jℓℓ′

√
2ℓ + 1(ℓ0sµ|Jµ)(ℓm′s′µ′|Jµ)eiσℓT ss′

ℓℓ′ eiσℓ′Yℓ′m′(θ, 0)

}

with fc(θ) the Coulomb amplitude and σℓ the Coulomb phase-shift.
Recalling that

Fℓ(ρ → ∞) −→ sin(ρ − η ln 2ρ − ℓπ/2 + σl)

and σℓ = argΓ(ℓ + 1 + iη)

fc(θ) =
1

4k2Rp
cosec(θ/2) exp(−2iη ln sin θ/2 + iπ + 2iσ0)
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pp differential cross sections
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pp observable dσ/dΩ at Tlab = 49.41 MeV

(2nd lesson) calculating observables 10-15 February 2019 21 / 22



np differential cross sections
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